Abstract. Let X, Y k , k 1 be normed linear spaces, and A k : X → Y k , k 1, be continuous linear operators. For p ∈ [1, ∞], define the set D p = {x ∈ X | ( A 1 x , A 2 x , . . .) / ∈ ℓ p }.
Formulation of the problem
For p ∈ [1, ∞], define ℓ p to be the linear space of all sequences a = (a 1 , a 2 , . . .), a k ∈ R, such that We provide sufficient conditions for D p to be dense in X, where p ∈ [1, ∞] is fixed (see Theorem 3.1), and for p∈ [1,p 0 ) D p to be dense in X, where p 0 ∈ (1, ∞] is fixed (see Theorem 3.2).
In Section 4 we show that these results can not be improved (in a certain sense).
To formulate our results we need some auxiliary notions.
M-cotype of a normed linear space
Let us recall the definition a normed linear space of M-cotype ρ [1, Definition 4.2.2] (in this book the definition is given only for real spaces). Note that the notion of M-cotype arises naturally in the study of various geometric properties of Banach spaces (see, e.g., [1, Sections 4.2, 5.2]).
Let V be a normed linear space over a field K of real or complex numbers, and ρ ∈ [1, ∞).
Definition 2.1. The space V is said to have M-cotype ρ with constant C > 0 if
for any n ∈ N and v 1 , . . . , v n ∈ V . The space V is said to have M-cotype ρ if there exists a constant C > 0 such that V has M-cotype ρ with constant C.
Remark 1. For the case K = C it is natural to give the following definition. The space V is said to have M-cotype ρ if there exists a constant C > 0 such that
for any n 1 and v 1 , . . . , v n ∈ V . This definition is equivalent to the definition above. This follows from the inequality
which is valid for any v 1 , . . . , v n ∈ V . Let us prove this inequality. First, note that the function
This proves (2.1). 
for any n 1 and v 1 , . . . , v n ∈ V , where r 1 , r 2 , . . . is a sequence of independent random variables that take the values ±1 with the equal probabilities P(r k = 1) = P(r k = −1) = 1/2, and where E denotes the expectation. Clearly, if V has cotype ρ, then V has M-cotype ρ.
Let us provide some examples.
Example 2.1. Let V be a finite dimensional space. It is easy to check that V has M-cotype ρ = 1. Example 2.2. Let V be a Hilbert space. It is easy to check that V has M-cotype ρ = 2 with constant C = 1.
Example 2.3. Suppose (T, F , µ) is a measure space, and
Then V has M-cotype ρ = max{2, s} (see, e.g., [1, Proof of Theorem 4.2.1]. The proof is given for the case K = R, but it is also valid for K = C).
Main results
First, we give a sufficient condition for D p to be dense in X.
To formulate this result, we need a few auxiliary definitions. For a normed linear space V over a field K, define V * to be the linear space of all continuous linear mappings v * : V → K, endowed with the norm
For two normed linear spaces V, W define B(V, W ) to be the linear space of all continuous linear operators A : V → W , endowed with the norm
Av .
In what follows we set 1/0 = ∞ and 1/∞ = 0.
Theorem 3.1. Let X be a Banach space, and
Now we give a sufficient condition for p∈[1,p 0 ) D p to be dense in X.
Theorem 3.2. Let X be a Banach space, and
Sharpness of Theorem 3.1
In this section we show that Theorem 3.1 is sharp, that is, the condition
is necessary for D p to be dense in X. More precisely, in examples below for any sequence of nonnegative numbers a k , k 1, such that (a 1 , a 2 , . . .) ∈ ℓ r we construct operators
To be specific, we assume that K = R.
Clearly, A k = a k , k 1, and D p = ∅.
Example 4.2. Let X = ℓ s , where s ∈ (1, 2]. Then X * = ℓ t , where t ∈ [2, ∞) is defined by 1/s + 1/t = 1. Hence, X * has M-cotype ρ = t (see Example 2.3). We have ρ/(ρ −
Since (a 1 , a 2 , . . .) ∈ ℓ r , (|x 1 |, |x 2 |, . . .) ∈ ℓ s , and 1/r + 1/s = 1/p, we conclude that
Then X * = L t , where t ∈ (1, 2] is defined by 1/s + 1/t = 1. Hence, X * has M-cotype ρ = 2 (see Example 2.3). We have ρ/(ρ − 1) = 2. Let p ∈ [1, 2] . Then r is defined by 1/p − 1/r = 1/2. Suppose that a k 0, k 1, and (a 1 , a 2 , . . .) ∈ ℓ r .
Let r k (t), k 1, be the Rademacher functions,
It is well-known that the system r k , k 1, is an orthonormal system in L 2 , that is, r k , r m L 2 = 0 for k = m and r k L 2 = 1 for k 1, where
Since L s ⊂ L 2 and r k , k 1, is an orthonormal system in L 2 , we conclude that
Since (a 1 , a 2 , . . .) ∈ ℓ r and 1/2 + 1/r = 1/p, we conclude that
Hence, D p = ∅.
Auxiliary notions and results

Auxiliary notions.
Let n ∈ N and s ∈ [1, ∞]. For a vector a = (a 1 , . . . , a n ), a k ∈ R, define
Let X k , 1 k n, be normed linear spaces. Define ℓ s (X 1 , . . . , X n ) to be the linear space of all n-tuples
endowed with the norm
It is easy to check that (ℓ s (X 1 , . . . , X n )) * = ℓ t (X * 1 , . . . , X * n ), where t ∈ [1, ∞] is defined by 1/s + 1/t = 1. Note that
Lemma 5.2. Let X be a Banach space, and Y γ , γ ∈ Γ be normed linear spaces. Let
This lemma is a direct consequence of the following lemma which is a generalization of the principle of uniform boundedness.
Lemma 5.3. Let X be a Banach space, and Y γ , γ ∈ Γ be normed linear spaces. Let
The proof is exactly the same as of the principle of uniform boundedness [2, Theorem 3.11].
The following lemma plays a crucial role in the proof of Theorems 3.1, 3.2.
Lemma 5.4. Let n ∈ N, and X 1 , . . . , X n , Y be normed linear spaces. Let
Proof. If A k = 0, 1 k n, then the required assertion is obvious. Assume that A k = 0 for some k.
Hence, 1 x 1 , . . . , ε n a n x n ) ∈ ℓ q (X 1 , . . . , X n ).
Using (5.1) we get
It follows that Since ( A 1 , A 2 , . . .) / ∈ ℓ r , we conclude that B n → ∞ as n → ∞. From Lemma 5.2 it follows that there exists x 0 ∈ X such that the sequence B n x 0 is unbounded. Clearly, x 0 ∈ D p . This completes the proof.
Proof of Theorem 3.2
It is sufficient to prove that p∈[1,p 0 ) D p is nonempty (see Lemma 5.1). Fix an increasing sequence p n ∈ [1, p 0 ), n 1, such that p n → p 0 as n → ∞. Let 0 = m 0 < m 1 < m 2 < . . . be an increasing sequence of nonnegative integers. For n 1 define the operator B n : X → ℓ pn (Y m n−1 +1 , . . . , Y mn ) by
For n 1, define q n by 1/p n + 1/q n = 1. Since p n < p 0 ρ/(ρ − 1), we conclude that
Since X * has M-cotype ρ, there exists a constant C > 0 such that X * has M-cotype ρ with constant C. From Lemma 5.4 it follows that where r n is defined by 1/q n + 1/r n = 1/ρ. It follows that (7.1) B n C ( A m n−1 +1 , . . . , A mn ) rn .
Since 1/p n + 1/q n = 1, we have 1/p n − 1/r n = 1 − 1/ρ. From p n < p 0 it follows that r n < r 0 , n 1. Since ( A 1 , A 2 , . . .) / ∈ ℓ r for any r ∈ [ρ, r 0 ), we can choose a sequence m n , n 1, so that ( A m n−1 +1 , . . . , A mn ) rn → ∞ as n → ∞. From (7.1) it follows that B n → ∞ as n → ∞. By Lemma 5.2, there exists x 0 ∈ X such that the sequence B n x 0 , n 1, is unbounded.
We claim that
Indeed, suppose that A k x 0 pn < 1.
Hence, B n x 0 < 1 for n N, a contradiction. Thus, x 0 ∈ p∈[1,p 0 ) D p . This completes the proof.
